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ABSTRACT 

In this paper we investigate in more detail our previous formulation of the 
dilaton-gravity theory by Bilal-Callan-de Alwis as a SX2-conformal affine Toda 
(CAT) theory. Our main results are: 

i) a field redefinition of the CAT-basis in terms of which it is possible to get 
the black hole solutions already known in the literature; 
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ii) an investigation the scattering matrix problem for the quantum black hole 
states. 

It turns out that there is a range of values of the N free-falling shock matter 
fields forming the black hole solution, in which the end-point state of the black hole 
evaporation is a zero temperature regular remnant geometry. It seems that the 
quantum evolution to this final state is non-unitary, in agreement with Hawking's 
scenario for the black hole evaporation. 
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1. Introduction 

In a series of recent papers 1 6 a dilaton-gravity 2_D-theory which has black hole 
solutions, known as the Callan-Giddings-Harvey-Strominger (CGHS) model, was 
formulated in order to clarify the problem of the black hole evaporation due to 

7 8 

Hawking radiation. Later Bilal and Callan and de Alwis have reformulated the 
CGHS-model as a Liouville-like field theory, so that one may obtain some exact 
results using just Liouville-like techniques. 

However the resulting theory, which we shall call the Liouville-like black hole 
(LBH) theory, is still ill-defined when the string coupling constant e 2< ^ (0 is the 
dilaton) is of the order of a certain critical value ^, with k the coefficient of the 
Polyakov kinetic term in the LBH-model. In this limit a singularity must oc- 
cur. Furthermore the CGHS and LBH models are consistent if one could neglect 
graviton-dilaton quantum effects. This amounts to require a "large" number N of 
conformal invariant matter fields interacting with the black hole geometry. In the 
LBH-model this condition implies large positive k, since k = ^jj^- At finite N 
orders, quantum loop effects of the graviton and dilaton are important and their 
resulting effective 2D-geometry may be totally different from the one derived by 
the LBH-model, say for JV ~ 24 (k ~ 0). 

9 

In this paper we extend the results of our previous analysis, in which we showed 
that when e 2 ^ ~ ^, the LBH-model can be reformulated as a conformally invariant 
integrable theory based on the S^-Kac-Moody algebra, which is known as the 
conformal affine Toda (CAT) theory. 10 In the following we shall call our 2D black- 
hole model the conformal affine Toda black hole (CATBH). The CATBH- model 
allows a standard perturbative quantization and in our picture such a quantization 
is just a device to unveal the quantum effect of the dilaton <fi and graviton p because 
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the CAT-fields are suitable functions of (<f>,p). 

This full quantum reformulation of the 2D-black-hole has several advantages: 
i) it makes possible an investigation of the physics around the CGHS singular- 
ity, using the conformal field theory associated to the CAT-model (Sec. 2). 
Furthermore, by using a suitable "rotation" of the CAT-fields it is possible 
to map our equations of motion to those given in Ref. 7, which exhibit the 
well-known 2D-black-hole solution. 
ii) we can study the final state of the black hole evaporation by applying the 
Renormalization Group (RG) analysis to the CATBH-model. The model 
has non-trivial fixed points and an energy scale where it reduces to the LBH- 
model, where we can get effective dynamical relations (with respect to the 
RG-scale) for the Hawking temperature and for the v. e. v. of the 2D-density 
scalar curvature in the tree approximation. The RG-analysis is given in Sec. 
3. 

Hi) Starting from the CAT-model, which is quantum integrable it is possible to 
guess (Sec. 5) a non-trivial S-matrix for the quantum black-hole states. 
The back-reaction should modify the Hawking radiation emission and cause it 
to stop when the black hole has radiated away its initial ADM mass. In our context 
the Hawking temperature is proportional to the square root of a certain coupling 
constant, 7_, of an exponential interaction term of the CAT-model, which now 
may be regarded (by the RG analysis of Sec. 3) as a running coupling constant 
in terms of the energy-mass scale //, which roughly speaking measures the ADM 
mass. Similarly, one finds that the averaged curvature in the tree approximation 
and in the so-called conformal vacuum may be also related to 7_. As a consequence 
one knows how the strength of the effective curvature varies as a function of the 
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Hawking temperature for fixed \i. In particular if we formulate an ansatz for the 
black hole solution interacting with N in-falling free shock waves, one may study 
the thermodynamics of the end point of the black hole evaporation by extrapolating 
the RG-effective couplings to the (classical) energy scale t where the initial ADM- 
mass goes to zero. This picture gives an approximate self consistent scheme to take 
into account the back reaction problem in the mechanism of the Hawking radiation: 
the back reaction lies in a dependence of the Hawking temperature over an energy 
scale t = log// and the end point of the black hole evaporation is characterized 
in the CATBH-model by the limit t -> t where M(t) -> M(i) ~ 0. Here M(t) is 
the classical ADM-mass parametrized by t and M(t) ~ describes the end point 
state in which all the initial ADM-mass has been radiated away. We shall show 
in Sec. 4 that the end-point state of the black-hole evaporation of a 2D-CGHS 
black-hole interacting with N shock waves, when N G (16, 23), is characterized by 
a zero-temperature regular remnant geometry. 

In the last section, Sec. 5, we shall use the quantum integrability of the CATBH 
model to extract the universal i?-matrix, which turns out to be associated to the 
quantized affine centrally extended s/2-algebra. Regarding the i?-matrix (up to a 
function) as a two body S-matrix operator, one gets the evolution operator between 
the states which describe the full quantum 2D-black hole in the conformal affine 
Toda basis. Pulling back such a CAT S'-matrix to the "physical" black hole basis 
described by the states |%, u = v), associated to the fields Xi u i v °f Sec. 2, one 
obtains the S'-matrix operator S\,h corresponding to the quantum evolution of the 
black-hole geometry. It results that S\,h is not unitary, thus confirming Hawking's 
scenario 11 for the black hole evaporation and the loss of quantum coherence. 
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2. Conformal Affine Toda Black Hole Model 



Bilal and Callan have recently shown how to cast the CGHS black hole model 
in a non standard Liouville-like form. Their key idea is to mimic the Distler- 

12 

Kawai approach to 2D-quantum gravity and include in the action a dilaton de- 
pendent renormalization of the cosmological constant as well as a Polyakov effective 
term induced by the "total" conformal anomaly. The effect of the Polyakov term in 
the "flat" conformal gauge g^ v = — \e 2p rj^ v will be to replace the coefficient ^ of 
CGHS by a coefficient k, where n will be fixed by making the matter central charge 
(due to the N free scalar fields) cancel against the c = —26 diffeomorphism-ghosts 
contribution. More specifically they were able to simplify the graviton-dilaton 
action through a field redefinition of the form 

" = X=\{P + ^), (2.1) 

where and p are respectively the dilaton and the Liouville mode and, in the 
LBH-model, k — ^12^ as ^ follows by the requirement of conformal invariance. 
According to our way of thinking k must now be a free parameter. However for 
positive k a singularity appears in the regime J 2 — > 1, which is also a strong 
coupling limit for small k. 

Our purpose, as stated in the introduction, is to define an improvement of the 
Bilal-Callan theory that allows for a well defined exact conformal field theory to 
exists also in the positive k "phase" and uo 2 ~ 1. The surprise is that such a theory 
must be a sort of "massive deformation" (which must be conformal at the same 
time) of the true Liouville theory, as we shall see in the following. 
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The kinetic part of the Bilal-Callan action is given by 

l r r i N 

S k i n = - d 2 a -And+xd-x + 4/<cu 2 - l)d + ud-u + - V 9+/^-/, 

and the energy-momentum tensor has the Feigin-Fuchs form 

TV 
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, (2-2) 



1 * 

T ± = -And ±X d±X + 2^4 X + ~ l)d ± ujd ± uj + - £ 9±/i9±/i. (2.3) 

i=l 

When a; 2 > 1 the action and the stress tensor can be simplified by setting 

ft = - 1 - \ log (u + V^-l), (2.4) 

leading to the canonical kinetic term 4K<9+ft<9_ft. 

When w 2 < 1 we must use the alternative definition 

ft' = -cja/i — uj 2 arccosw, (2.5) 

obtaining the "ghost-like" kinetic term — 4nd+Q' d-Q' . 

We thus have two different theories describing different regions of the space- 
time (remember that uj is a field), in the first one we have a real positive valued 
field ft, in the latter a ghost field ft' with range in [—^,0]. The first theory is the 
one we are interested in when considering the classical limit uj — > +oo and has 
been studied in Ref. 7. If we choose not to constrain the range of values of uj, the 
quantization of the LBH theory (the one in which uj e [l,oo]) should provide an 
IR effective theory of the complete one in which uj has its natural range from to 
oo. In other words, in a full quantized theory one cannot forget that somewhere 
the field uj(ct) can take values less than 1, in which case the ghost-like action form 
must be used. 



Particularly interesting is the region where oo 2 (a) — 1 is changing sign. Let 
us suppose that u) 2 {ai) > 1 and oo 2 {a 2 ) < 1, where o\ and a 2 are two very close 
points. Then our idea is to define an improved Bilal-Callan kinetic action term 
in which both fields £l{p\) and 1/(02) appear. Namely we assume the following 
contribution to such an improved action: 

4re(d + fi(o-i)d_ft((7i) - d + n'(a 2 )d-n'(a 2 )) = 2(d+u(a)d^v(a) + d-u(a)d+v(a)), 
where the new fields 

u{a) = ^(Q(a 1 ) + n'(a 2 )), 

(2.6) 

are defined in the point a = ai + a2 . 

Let us now consider a field ou(a) taking values everywhere near 1 and rapidly 
fluctuating. We can renormalize (a la Wilson) the above theory in which the 
undefined Bilal-Callan kinetic term (cu 2 — l)d+ujd-uj has been replaced by the 
undefined kinetic term d+ud~v + d^ud+v. From a naive dimensional argument 
when u 2 ~ 1 the Laplacian term d+ud-LU must be very large in order to have a 
non trivial propagator for the u> field. This means that our theory is a sort of "UV 
effective theory" for the LBH model. It is to be noted that the new fields v and u 
are limited from below, but since the region of interest is around this constraint 
is significative only for u, which has to be positive. 

The kinetic part of the "averaged" LBH model has now the form: 

S=1 LJ d2x ("^X^X + <V^) , (2- 7 ) 

where we have come back to the coordinates xq = (o" + +o"_)/2 and x\ = (a + —a-)/2 
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and x — V^X- We then take a potential term of the form 



V- = 7_e 




) 



(2.8) 



so that the equations of motion take the form: 




(2.9) 



Notice that there is a class of solutions in which u — v, which is equivalent to 
Q' — and to u 2 > 1. This is the class we are interested in when considering 
classical solutions with boundary conditions corresponding to the linear dilaton 
vacuum, where to 2 — > +oo. Putting u = v = ^fnVt in (2.9), as required by (2.6), 
we obtain the equations of motion of the LBH model. The coupling constant 7_ 
can now be recognized, apart from a multiplicative factor, as the square of the 
cosmo logical constant. 

We can further handle the action (2.7) considering a "rotation" G of the fields 




(2.10) 



which keeps the kinetic term unchanged, i.e. in terms of (p,£,r): 




(2.11) 



G is explicitly given by 



G = 1 + A sinh ^2ab + c 2 + A 2 (cosh ^2ab + c 2 - 1), 



(2.12) 
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where 

/Ob a \ 



A = 



V2ab + c 2 



a c 
\b -c/ 



(2.13) 



a, 6, c are three free parameters which will be fixed by the following three conditions: 
i) we require the potential V_ to take the form 

V_ = 7 _e A ^- 5?? , (2.14) 



where A and 5 are to be fixed by the requirement that V- should have con- 
formal weight (1,1), with respect to the stress tensor of the theory. 

ii) the theory is invariant under the scale transformations £ — > C^,i] — > rj/C, 
with C arbitrary. To fix C we further require A = 5. 

_ll_<2 

Hi) to detemine the last degree of freedom in G. we impose the vertex operator 



V + = ^+e- Xip (2.15) 

to be of conformal weight (1,1) and set A = A. These conditions can be 
written as equations for the parameters a, b, c. In first place let us notice 
that the condition i) is equivalent to ask that 

d^u = d^v. (2.16) 

Furthermore the equations of motion coming from (2.11) with the addition 
of the potential term (2.14) (as we shall see in the next section the vertex 



#1 The stress tensor of the theory can be calculated by the same procedure of averaging, (2.6). 
It contains an improved term in x, see Ref. 7, but no terms in u and v. After the rotation we 
have nevertheless improved terms for all the fields with the background charges depending 
on k and G. 

#2 Notice that since the conditions depend on k, G will depend on it as well. 
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(2.15) decouples by quantum effect) imply that 



6=-\ - G13 



(2.17) 



A 

(2.16) and (2.17) give 

(G21 - G 31 )X = (G32 - G 22 )S, (2.18) 

where 

A = ^/-(G n - G21+G31 



" V ! ' ^ ' (2.19) 

G23 + G33 \ 

K V 10 V2 ) ' 
Using condition ii), we get 

G21 — C31 = G32 — G22, (2.20) 

and 

^ G21 + G31 G23 + G33 

Gll -—j=— = —j=—-Gn. (2.21) 

Condition in) will be exploited in the next section, eq. (3.31). 
We are now in a position to further generalize the LBH model adding to it the 
vertex V + , which, by construction, does not alter the conformal invariance of the 
theory. Thus we obtain the conformal affine Toda theory based on si (2) proposed 
by Babelon and Bonora in Ref. 10: 

S = ^J d2x (-\d^V + dtf&i + 7+e" V + 7 -e A ^) • (2.22) 

Even if this is not the most general action constructed with conformal perturbations 
of weight (1,1) (as other exponential combinations of the fields and r] are 



possible), we think that it is actually sufficient. Indeed very recently Giddings and 
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Strominger have argued that there is an infinite number of quantum theories of 
dilaton-gravity and the basic problem is to find physical criteria to narrow the class 
of solutions. Our approach here is to consider a theory that 

i) is at the same time classically integrable, i.e. admitting a Lax pair and con- 
formally invariant, 

ii) reduces to the solutions of the LBH model at a suitable energy scale, as it 
will be shown in the next section. 



3. Renormalization Group Analysis 

We want to consider here the renormalization group flow of the classical Babelon-| 
Bonora action 



2ti J 



Sbb = tt~ / d x 



-d^cp + d„r]d»Z - 2 (e 2 ^ + e 2 ^) 



(3.1) 



At the quantum level one must implement wave and vertex function renormal- 
izations so that in (3.1) one must introduce different bare coupling constants in 
front of the fields as well as in front of the vertex interaction terms. As a conse- 
quence one ends with the form (2.22). However, according to the general spirit of 
the renormalization procedure we have also to consider Feigin-Fuchs terms (the 
ones involving the 2D-scalar curvature) since all generally covariant dimension 2 
counter terms are possible in (2.22). This ansatz is in agreement with the pertur- 
bative theory as one could show following Distler and Kawai. In our context the 



#3 Notice that (2.22) is the unique action coming from the homogeneous gradation of the sh 
Kac-Moody algebra in terms of three scalar fields. 
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Feigin-Fuchs terms come naturally out (see footnote at page 6). This leads us to 

#4 

consider the following generalized form of the BB action in a curved space: 



(3.2) 



+ iq^Rip + iq n Rr] + iq^Rt,]- 



We shall pursue here the renormalization procedure of (3.2) in a perturbative 
framework. Notice that £ plays the role of an auxiliary field, a variation with 
respect to which gives the on-shell equation of motion 

V^Vtj = iq£R, (3.3) 

which in our perturbative scheme must be linearized around the flat space, giving: 

d^r] = 0. (3.4) 

This is the conservation law for the current d^f]. Following Ref. 14, we define the 
renormalized quantities at an arbitrary mass scale /i by: 

i_ 2 2 12 

ip = Z£ip R , 7± = /i z j±1±R, % = z <p Q<pRi 

i] = Z^r] R , ^ 2 = Z^Xft, q 2 = Z v 1 q^ R , (3.5) 

£ = Z~k R , 62 = Z v l5 ^ 4 = Z nin- 
The following quantities are conserved through renormalization: 

r = T> k = ^ P = Q&v ( 3 - 6 ) 
With our normalizations the regularized ipif or r/^ propagator (the rjrj and the 



#4 We have rotated <p — > —if, £ — > it; and r\ — > — ir? in order to have the usual kinetic term. 
The model assumes in this way a form analogous to the one of sine-Gordon (indeed it is 
also known as the central sine-Gordon model) 
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propagators are identically zero) is: 

G(z - z>) = -\ \og{mt[(z - z'f + e 2 ]}, (3.7) 

where uiq and e are an IR and an UV cutoff respectively. Then we normal order 
the vertices, to eliminate tadpole divergences, with the replacements: 

e iX ^ -> (mh 2 )^ : e iX * : 

(3.8) 

e -iX<p+iSr, _^ ( m 2 e 2)V : e -K<P+i8Ti • 

Since Xif = \ R f R and 5i] = 5 R r] R , the renormalization of the vertices is simply 
obtained by setting 

Z 1± = (/A 2 r A2 / 4 , (3.9) 

which gives the (3 functions for the coupling constants 7 in absence of curvature 
terms (i.e. with the g's set to zero): 

^"^-(f- 1 )' < 310 > 

so that in this case the ratio ^- is conserved through the renormalization. 

As in Ref. 14 we can calculate the field renormalizations considering the aver- 
age of the vertices < V+V- > (where V± are the exponential interaction terms of 
(3.2)) which, for A 2 ~ 4, gives a contribution to the kinetic term of the form: 

-^7+ J R7-i?log(/i 2 e 2 )^(A, R <9y9 jR - S R dr] R ) 2 . 

Then the correct kinetic terms are obtained by putting: 

Z^ = l + ^ + R-f- R X 2 R logfi 2 e 2 , 

\ (3.11) 
Z n = l + -l+Rl-R5 R \ogfi 2 e 2 . 

Notice that the renormalization has produced new terms proportional to d^d^rj, 
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which however vanish if we consider the on-shell quantum theory ((3.4)) in flat 
space. The true on-shell theory should rely on (3.3), but at this perturbative 
order curvature terms can be negelected (they are important, as we shall see, just 
in the renormalization of 7±). Therefore we shall restrict ourself to the on-shell 
renormalization scheme. 

We can now calculate all the remaining (3 functions for A 2 ~ 4: 

1 X4 

lf1+Rl~R*R, 

1 A4 
■^I+BTI-RPr, 

-^I+rI-rXW^ ( 3 - 12 ) 
\l+Rl-RbW n R, 
-\i+R1-r5r<iIr- 



P 6 := fi 



Pgr, ■= V 



dX R 
dfi 

dS R 
dji 

d 1^ 2 R 
dfi 

d( l 2 R 
dfi 

d( k\ 

da 



The task at this point is to obtain the modifications to the (3 functions due to 
the curvature terms which are present in the quantum functional action. For this 
purpose we first need the stress tensor of the theory: 



ss 



[IV 



9=11 



= d^d v tp + Id^dvi - r) va/ (-dpipd p ip + d p rjd p ^)+ 



(3.13) 



a iSr]—i\(p 



) + 2i(r]^dpd p - d^d u ){q^ + q v rf + q£), 



where rf^ v is the flat metric tensor. Setting j± = in (3.13), we have the stress 
tensor of the kinetic part, from which we can calculate the central charge of the 
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free theory: 



c = 3 - 24gJ _ 48^. (3.14) 



Notice that the total central charge, i.e. the one involving also matter and the 
ghosts contribution, is 

c to t = c + N -26. (3.15) 
The trace of the stress tensor is easily calculated: 

7/ = -2[ 7+ e iA * + 7 _ e ^-^ + 2id^{q^ + ^ + gtf)], (3-16) 

and, using the classical equations of motion in flat space 

d^ip = i\( 1+ e iXip - 7_e^ a ^), 

8^71 = 0, (3.17) 

we find the classical expression: 

7/ = -2[(1 + q^Xh+e^ + (1 - g^A + ^5) 7 _e^-^]. (3.18) 



15 

Following Zamolodchikov, we obtain by (3.18) the modified f}± functions: 



P+ = 27+ ( y - 1 " ) , 



/3_ = 2 7 - 



(3.19) 



while the others remain unchanged at this perturbative order. From now on, for 
the sake of simplicity, we will omit the R subscripts. 
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Putting together the equations (3.12), we find that also the following quantity 
is conserved through renormalization:^ 5 



d=^-^- (3.20) 



Using the non-perturbative RG-invariants in (3.6), the RG equations for the 7's 
can be simply rewritten as: 

-^log( 7 +7-) = A 2 -4-2A; 

m , (3.21) 

log J^L = 4rA 2 - 2k, 
dt 7+ 

where t = log \x. 

From the first of (3.21) and the first of (3.12) in the approximate form 
P\ ~ 87+7-) we easily obtain: 



^ = V-4-2A;) 2 --, (3-22) 
dt 2 V ; 2' K J 



where b is an integration constant supposed to be real in order to have RG fixed 
points. These are located at: 

\ 2 ± = A + 2kTb, (3.23) 
where, taking b positive, A+ is the UV fixed point and A_ the IR fixed point. 



#5 This result, deriving from (3.12), needs not be valid beyond this perturbative order, while 
it is obviously true for the quantities in (3.6). Notice moreover that putting A = 5 at an 
arbitrary scale sets d — 0, and since d is a RG-invariant the condition A = 5 then holds at 
any scale. 



15 



(3.22) can now be solved in the form: 



* - 1 = - log 



A 2 - A' 



A 2 -A 2 , 



(3.24) 



where to is another integration constant. Solving (3.24) with respect to A 2 we 
have: 



A 2 (t) = 



,b(t-t„) A 2 +A 2 
e b(t-t ) _|_ l 



= 2A; + 4-6tanh 



b(t - 1 ) 



(3.25) 



Now we can also easily integrate (3.21) to get: 



7 2 = A e (8rk+lGr-2k)(t-t ) 
7 2 = Be -(8rk+16r-2k)(t-t 



cosh 



cosh 



b(t - t Q ) 
2 

b{t - to) 



~i -2-8r 



-2+8r 



(3.26) 



where A and -B are arbitrary constants. Notice that the first of (3.12) imposes 
that 7+ and 7_ have opposite signs. 

So far we have described the most general situation in which all the parameters 
are unconstrained. Indeed, following the reasoning of Sec. 2, we have to request 
that at a certain scale t, which shall be proved to exist, both vertex operators have 



a conformal weight (1,1). This is achieved imposing the following constraints: 



#6 



r A 2 = 1, 



(3.27) 



^ 4 / i A 2 = A Hi. 



#6 Notice that imposing these conditions is equivalent to asking that, at the scale t, both (i± 
in (3.12) vanish. 
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Solving (3.27) we obtain: 



A 2 = 2k + 4 



k 

r = 



1 — 4r ' 

(3.28) 



4(2 + A;) 

This means by (3.25) that the scale t is just the renormalization scale to- At this 
scale we also require the vanishing of the total central charge, (3.15), which gives: 



c = iV — 23 — 24r 2 A 2 (t ) - 48p 

/ 4r 2 \ (3.29) 

= iV- 23 - 24 ^ T -^ + 2pj=0. 

Notice moreover that we must have 

r < i, (3.30) 

if we want A to be real. It is also easily seen that the particular combination 
8rk + 16r — 2k vanishes identically for any value of k, so that 7± now read: 



7±(*) oc 



cosh^M 



-(l T 4r) 



(3.31) 



This implies that 7± are even functions of the scale t — to and hence do not dis- 
tinguish between IR and UV scales. The requirement of having vertex operators 
with the right conformal weight at the defining scale to forces the theory to be dual 
(under the exchange of the IR and UV scales). The asymptotic form of 7_ is 

j^^ 00 const. e - 2 *M»l, (3.32) 

where we have set 

1 + 4r 

s = ^\b\. (3.33) 

The next step in fixing the parameters is achieved considering what must hap- 
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pen at the scale tsci where the theory becomes the LBH model. This amounts to 
require that the vertex operator V+ must disappear at the scale t B Ci i- e - we must 
impose that 

T-(*BC) 



BC) 



» 1. 



(3.34) 



By (3.31), this requires that: 



r < 0, 



(3.35) 



and 



\b(t B C-t )\ » I- 



(3.36) 



From (3.36) it follows that X(tBc) must be equal to the asymptotic value A± given 
byeq. (3.23). 

We first notice that as a consequence of the rotation (2.10), we have that 



Q<p(t B c) = Gll )J~^i 

q&Bc) = Gl2 ^ 

Qti(t B c) = G ^^, 



By (2.19) and (3.6) we get: 



K 

r — — - 



4G 



n 



G21+G31 



V2 



k = -2Gi 2 ^G 13 

KG12G13 
V = 7i • 



G23 + C33 

V2 



(3.37) 



(3.38) 
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The condition Hi) of Sec. 2, together with (3.28) and (3.38) imply that: 



G 12 y 2 - KG n Gi 2 y - kG u = 0, (3.39) 

where we have put 

G21 + G31 

y = G n -j= . (3.40) 

We have found a solution of (2.20), (2.21) and (3.39) numerically. We look for 
those solutions such that 

a) r, given by (3.38), is negative, in order to have the flow to the LBH model 
and, at the same time, the consistency with (2.16); 

b) s, given by (3.33), is positive so that 7_ is bounded for large energy scale. 

A numerical solution satisfying the above conditions for r and s can be found 
for — 2 < k < and 14 < N < 23. k is defined in (2.1). Its functional relation with 
the physical parameter N is defined implicitly in (3.29)and (3.38). To compute s 
we also need the parameter b, implicitly defined by (3.23), which turns out to be: 



b = \\t BC ) - \\t ) = -x 2 - — i-. (3.41) 

k 1 — 4r 
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4. Black Hole Thermodynamics 

In this section we want to discuss how our RG results affect the black-hole 
thermodynamics. Our strategy is to observe that at the scale tsc our theory 
reduces to the LBH model which contains the simple black-hole solution of CGHS, 
where the black-hole is formed by N in-falling shock-waves. Now by replacing the 
parameters of this solution (which we thus interpret as an "effective" solution for 
our model with u — v) with those obtained with our RG analysis, we can identify 
a temperature and the v.e.v. of the curvature. The Hawking temperature Tjj is 
proportional to a/ 7-(£bc) : 

T H (t) oc /iv 7 ^), (4.1) 

which, by (3.32), goes asymptotically as 

T H (t) ""'SIT 00 const. eV^-H (4.2) 

Using our solution it is immediate to see that there exists a dynamical regime for 
23 < N < 30 in which Tjj vanishes both in the UV and IR regions. 

The relation between the v. e. v. of the operator- valued scalar curvature y^gR 
and the other CATBH running coupling constant \(~\t) in the conformal gauge 
g^u = —\e ixp ri ill j and in the tree approximation is: 

< yf^g~R>=2\(-Xt)d^ <p> . (4.3) 



We may then state something about the end-point state of black hole evaporation 
if we use the CGHS-solution to describe the black hole formation by iV-shock waves 
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fi. In our contest, the CGHS-ansatz for the classical solution < p >=< p >t 
looks: 

e -2A<->(t)<p(* + )> = 1 _ 2A (-) (t) < p{x+) > +0(A (-) 2 ) 

= -na9(x + - x£)(x + - x£) - e 2t -y-(t)x + x~, 

where x^ = x° ix 1 and a = const. Therefore, at x + = Xq we have by (4.3), using 
the light-cone coordinates x^: 

< v / -g(x+)R(x+) >= d+d-[2\(-\t) < p(x+) >] ~ e 2 S-(t), x+ -> 4. (4.5) 

Since here we have two scales and /i, where t = log(p), it is reasonable to set 
(in c — h — 1) Xq = ^, and Xq is the natural scale which describes the classical 
black hole formation. Therefore: 

< [v^Ke-') XxeV(i). (4-6) 

The Hawking temperature, (4.1), and the averaged density of the scalar curvature, 
(4.6), are asymptotically controlled by 7-(£). 

Since in the CGHS ansatz (Ref. 1) the black hole mass mbh grows linearly 
with Xq, i.e. mbh oc M^Xq where Mpi is the Planck mass, we get mbh ~ 1/V 
This relation may also be obtained by a dimensional argument relying on Witten's 

16 

relation between the black hole mass and the value a of the dilaton field on the 
horizon (namely mbh ~ e a ), and, on the other hand, on the conformal properties 
of the vertex e~ 2< ^, which is recognized to be a primary field of conformal (mass) 
dimension 2, so that, at a semiclassical level, we may write e _2a ~ p? . Thus we 
get the previously stated relation mbh ~ 1/yu.. 
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(4.4) 



As a consequence of the above arguments, we get that (4. 2) may be rewritten 
as follows: 

T H (m hh ) m ^°TJ^X~\ (4.7) 
V m o / 

and 

T H (m hh ) mb ^°° Td^-) S+1 , (4.8) 

where Tq,Tq and mo are arbitrary constants. The vanishing of the Hawking tem- 
perature for small and large black hole masses occurs for s > 1, which according 
to our numerical solution of Sec. 3 requires 16 < iV < 23. This is a consequence of 
the duality between the UV and IR limit of our quantum theory. In the following 
we understand iV to be taken in the above range. 

The end point state of the black hole evaporation is characterized by the 
limit mbh — > 0. But in this limit Tjj and by (4.6) also < ^/—gR > are van- 
ishing. We understand this result as a signal that at the end point the black hole 

disappears completely from our 2_D-universe, leaving a zero temperature flat rem- 

11 17 

nant solution. This scenario has been suggested by Hawking and 't Hooft, but 
with a basic difference: for Hawking ('t Hooft) the final state is a mixed (pure) 
state. Of course at the level of the above RG analysis we cannot say anything on 
the quantum black hole Hilbert space. However, we have an explicit quantum field 
model for answering, in principle, to the above question. Our point of view is to see 
whether the S'-matrix associated with the "quantum" black hole states, which are 
in correspondence with the "rotated" Babelon-Bonora theory at the energy scale 
tBCi i- e - i n terms of the u = v and x fields, is unitary or not. Clearly a unitary S- 
matrix may be in agreement only with 't Hooft 's scenario. In the following section, 
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we shall give some arguments which seem to support the non-unitarity picture , 
and hence Hawking's point of view. 



5. Quantum Black Hole S-Matrix 



One starting point is the Babelon-Bonora version of our CATBH-model, namely 
(2.22). Using its Hopf algebra structure, namely U q (sl(2)), we shall get a quantum 
^-matrix and then we shall pull it back to the physical black hole basis described 
by the fields u — v and x of (2-1) and (2.6). 

The defining relations for the quantum Kac-Moody algebra U q (sl(2)) are: 



[Hi,Hj] 
[Hi, Ef] 



qHi _ q-H 



(5.1) 



q — q 1 



where % — 0, 1; here do = —d\ and |c?i| 2 = 2. The center of U q (sl(2)) is 



K = H + H 1 . 



(5.2) 



A new basis in U q {sl{2)) is generated by f/j, Qi and Qf. 



Q l = E+q^, 



(5.3) 



Qi = E-q-t. 



#7 With CCR given by: 



[Hi,Qj] 
[Hi, Qj] 




QiQi Q QiQi — 
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The algebra U q (sl(2)) is a quasitriangular Hopf algebra 18 19 with comultiplication 

A : U q (sl{2)) -> U q (sl{2)) ® C^(s7(2)) 

defined by 

A(ifi) =Hi®l + l®Hi, 

A(Qi) = Qi®l + q Hl ® Qi, (5.4) 
A(Qi) = Qi <g> 1 + 

The CAT model is associated to the U q (sl(2)) Kac-Moody algebra by the so-called 
homogeneous gradation: 

°_ + ' (5.5) 

E 1 = <7+, E 1 = <7_, 

where x is the "spectral parameter" and the Pauli spin matrices a± are the usual 
step operators of si (2). Together with the Pauli spin matrix 03, they form the 
so-called Chevalley basis for si (2). The commutator in the loop algebra associated 
with our centered sl(2) is defined as: 

[A(x), B(x)} = A(x) ■ B(x) - B(x) ■ A(x) + — <p dx tr[d x A(x) ■ B(x)} K, 

2m J (5.6) 

= A(x) ■ B(x) - B(x) ■ A(x) + K(A, B). 

The asymptotic soliton states are labelled by \t^, t v , 9), where 9 is the rapidity 
and r v are topological charges defined by: 



x = e 6 ^- 1 )., 
+00 



T f= WZ I dx d x (p, 



2tt 

—00 
+00 



(5.7) 

t v = J dx d x r). 



24 



One has that 

Tip = —Hq, 



(5.8) 

T rj = K, 

and the relation with the H^s is the following 

H = -(J 3 + K, 

(5.9) 

H\ = 03. 

The representation of U q (sl(2)) on the space of one-soliton states can be shown to 
be: 

Q + = cQi = ca+q 2 , Q- = cQo = cx z <j-q 2 , 

- 03 - - _„ -CT-j+K (5.10) 

Q- = cQi = ca-q 2 , Q+ = cQo = cx z a + q 2 , 
where c is a constant depending linearly on 7 and the deformation parameter q is 
given by: 

q = e^. (5.11) 

The two-soliton to two-soliton S'-matrix S is an operator from V\ <g> V2 to V2® V\, V{ 
are the vector spaces spanned by 1^,^,9). The S'-matrix must commute 20 with 
the action of U q {sl{2)), since it is the symmetry group of the theory: 

[S, A(Hi)\ = [S, A(Q±)] = [S, A(Q±)] = 0. (5.12) 

The representation of eq. (5.12) on V\ <g V2 is explicitly given by: 

[S, (73® 1 + 1(g) (7 3 ] = 0, (5.13) 

5 • ((7+# ® 1 + g' 73 ® d+g^) + K(S, A(Q+)) = 



(cr + g 2 ® 1 + ? °" 3 (g) a + g 2 ) . S, 

5 • (^a-g^ 11 1 + ^^^m^ + ^ ^ A(Q_)) 

(x^a-q 2 (g 1 + q - a 3 +K2 ® a;fo-_g 2 ) . ^ 



(5.14) 
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S ■ (xfa+q^^ <g> 1 + q -°3+ K i ® i-V+g^V 2 ) + A(Q+)) = 
(a; J V+g^ 2 ^ ® 1 + 3+^ 2 xfa+q^^) ■ S, 

(5.15) 

5 • (a_g^ <g> 1 + q as <g> <r_g^) + A(Q_)) = 
(o-_g^ ® 1 + q a ' A <S> (?-q^~) ■ S. 

~ ~ 21 

A solution S = S(xi/x2, K\, K2, q) of eq. (5.12) is of the following form: 

S = f(xi/x 2 , q, Ki, K 2 )R(xi/x 2 , q, Ki, K 2 ), (5.16) 

where R is the universal quantum i?-matrix associated to U q (sl(2)), whose existence 
has been proved in Ref. 18. One can easily show that R satisfies the quantum 
Yang-Baxter equation, which is required for the factorization of the multisoliton 
S'-matrix: 

Ri 2 (x)R 13 (xy)R 23 (y) = R 23 (y)Ri3(xy)R 12 (x). (5.17) 

An explicit form of the universal S'-matrix for U q (sl(2)) is given in Ref. 22 and 23. 
In the "bootstrap" approach the overall factor / can be found by imposing crossing 
and unitarity conditions. Of course, this is consistent if the CAT-model belongs 
to the class of 2D relativistic quantum field theories studied by Zamolodchikov 
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and Zamolodchikov. However in our context it is not necessary to answer to this 
question and to find an explicit form for /, since the relevant two-body scattering 
matrix is the one, denoted by S^h, acting on the black hole basis \x, u = v). We 
shall see below that, even if a unitary S'-matrix in the CAT basis could be found, 
S\,h is not. Formally S\,h is defined by 

S hh = U^SU, (5.18) 

where U = PG, and G is the operator associated to the rotation (2.10) and P 
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is the projection operator from \x,u,v) onto the black hole basis \x, u = v). It is 
evident that 5t>h is no more an automorphism of the Hilbert space TL spanned by 

25 

the CAT-basis and hence, for a well-known theorem, is not an unitary operator 
on 7i. The conclusion that we draw for the black hole evaporation scenario is that 
the final state is approached incoherently, even if full quantum gravity effects are 
taken into account, supporting Hawking's point of view. 

Acknowledgements: L. Bonora and A. Ashtekar are thanked for some illuminating 
discussions. 
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